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Abstract 

In this paper we show how iterate weak crossed products with common monoid. More concretely, if (A(g)U, ^a®v) 
and {A®W, ha®w) are weak crossed products, we find sufficient conditions to obtain a new weak crossed product 
(A 0 U (g> W, ilA®V®w)- 
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Introduction 

Let A be a monoid and let V be an object living in a strict monoidal category C where every idempotent 
morphism splits. In |2] an associative product, called the weak crossed product of A and V, was defined 
on the tensor product A0U working with quadruples Ay = {A, V, tpy, ay) where il)y : V (8>A —)• A0V and 
(jy '.V (i)V ^ A®V are morphisms satisfying some twisted-like and cocycle-like conditions. Associated 
to these morphisms we define an idempotent morphism '■ A® V —>■ A 0 U whose image, denoted 

by A X U, inherits the associative product from A 0 U. In order to define a unit for A x V, and hence 
to obtain a monoid structure in this object, we complete the theory in |12) using the notion of preunit 
introduced by Caenepeel and De Groot in [ 3 ]. The theory presented in [ 2 ] and m contains, as particular 
instances, crossed products where Va^u = idA^v^ for example the one defined by Brzezihski in [ 5 ] or 
the notion of unified crossed product introduced by Agore and Militaru in [T], as well as crossed products 
where Va®!/ A idA^v UkOj for example, the weak smash product given by Caenepeel and De Groot in 
[S], the notion of weak wreath products that we can find in [5^, the weak crossed products for weak 
bialgebras given in [23] (see also [12]) and, as was proved in [14], the partial crossed products introduced 
by Alves, Batista, Dokuchaev and Paques in (21]. Also, Bdhm showed in [4] that a monad in the weak 
version of the Lack and Street’s 2-category of monads in a 2-category is identical to a crossed product 
system in the sense of [2]. Finally, weak crossed products appears in a natural way in the study of bilinear 
factorizations of algebras [ 5 ] , double crossed products of weak bialgebras [ 7 ] , and weak projections of weak 
Hopf algebras [13] . 

The purpose of this paper is to find an iteration process for weak crossed products with common 
monoid. Our main motivation comes from some interesting examples of this process that can be found 
in the recent literature. For example, in ng, Jara, Lopez, Panaite and Van Oystaeyen, motivated by 
the problem of defining a suitable representative for the product of spaces in noncommutative geometry, 
introduced the notion of iterated twisted tensor products of algebras. A good particular case of this 
iterated twisted tensor product can be found in [20], where Majid constructed an iterated sequence of 
double cross products of certain bialgebras. On the other hand, in [22], Panaite proved that under suitable 
conditions a Brzezihski crossed product may be iterated with a mirror version obtaining a new algebra 
structure. This construction contains as examples the iterated twisted tensor product of algebras and 
the quasi-Hopf two-sided smash product. Finally, using the 2-category of weak distributive laws, Bohm 
describe in [5] a method of iterating Street’s weak wreath product construction (see [25]). Note that in 
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the two first examples of this paragraph the crossed products that we considered are cases where the 
associated idempotent is the identity. In that last one the associated idempotent it is not the identity. 

An outline of the paper is as follows. Given two quadruples Ay = [A^V^tpy^ay) and Ay/ = 
(A, Id^, tj^) satisfying the suitable conditions that permit to obtain two weak crossed products 
(A ® V, fj,A 0 v) and in (A ® ^a®w)i in the first section of this paper we introduce the notions of 
link and twisting morphism between Ay and Ay/, proving that, if they exist, it is possible to construct 
a new quadruple Ay^y/ = {A,V 0 W,'}py^yr,ay^y,), satisfying the conditions that guarantee the exis¬ 
tence of a new weak crossed product {A®V Ha^v^w) called the iterated weak crossed product 
of (A ® V, fJ-A^v) and (A 0 W, ha^w)- Also, we find the conditions under which there exists a preunit 
for {A®V (8> W, fJ'A®v<S)w)- In the second section we discuss some examples involving wreath products, 
weak wreath products and the iteration process for Brzezihski crossed products proposed recently by 
Dau§ and Panaite in HU. Finally in the last section, following the results proved in m we obtain a new 
characterisation of the iteration process. 

Throughout this paper C denotes a strict monoidal category with tensor product 0, unit object K. 
There is no loss of generality in assuming that C is strict because by Theorem XI.5.3 of [16] (this result 
implies the Mac Lane’s coherence theorem) we know that every monoidal category is monoidally equiva¬ 
lent to a strict one. Then, we may work as if the constrains were all identities. We also assume that in 
C every idempotent morphism splits, i.e., for any morphism q : M ^ M such that q o q = q there exists 
an object N, called the image of q, and morphisms i : N M, p : M ^ N such that q = i o p and 
p o i = id]\[. The morphisms p and i will be called a factorization of q. Note that Z, p and i are unique 
up to isomorphism. The categories satisfying this property constitute a broad class that includes, among 
others, the categories with epi-monic decomposition for morphisms and categories with (co)equalizers. 
Finally, given objects A, B, D and a morphism f : B ^ D, we write A® f for idA ® f and / 0 A for 
f ®idA- 

An monoid in C is a triple A = (A,r]A, d-A) where A is an object in C and tja ■ K ^ A (unit), 

: A 0 A —>■ A (product) are morphisms in C such that pA o {A ® tia) = idA = Pa o (va ® A), 
Pao {A® Pa) = pao idA ® A). Given two monoids A = (A, rjA, dA) and B = (B, rjB, ds), f ■ A ^ B is 
a monoid morphism if ps ° if f) = f ° dA, f ^VA = Vb- 

A comonoid in C is a triple D = {D, 60 ,^ 0 ) where D is an object in C and Ed ■ D ^ K (counit), 
6d ■ D D ® D (coproduct) are morphisms in C such that (ed ® D) o So = ido = [D ® Ed) ° 5d, 
{5d ® D) o 5d = [D ® 6 d) o Sd- If D = {D,ed,Sd) and E = {E, ee, Se) are comonoids, / : D —J- A is a 
comonoid morphism if (f ® f) o 5 d = 5e o f, Ee o f = Ed- 

Let A be a monoid. The pair (M, pm) is a left A-module if M is an object in C and pM : A® M ^ M 
is a morphism in C satisfying ipM ° idA ® M) = idM, ‘dM o (A 0 pm) = dM o idA ® M)- Given two left 
A-modules (M, pm) and (A^, pn), f ■ AI -a N is a. morphism of left A-modules if pN ° iA® f) = f o pjy. 
In a similar way we can define the notions of right A-module and morphism of right A-modules. In this 
case we denote the left action by (pM- 

1. Iterated weak crossed products 

In the first paragraphs of this section we resume some basic facts about the general theory of weak 
crossed products. The complete details can be found in |12| . 

Let A be a monoid and V be an object in C. Suppose that there exists a morphism 

tpv '-V ® A^ A® V 

such that the following equality holds 

idA 0 ‘F) o (A (g) tpy) o itjj0 ®A)='4)yoiV® dA)- (1) 

As a consequence of o, the morphism '■ A® V -A A® V defined by 

Va®u = idA ®V)oiA® ijjy) o (A (g) F (g) pa) 


(2) 
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is idempotent. Moreover, satisfies that 

o (/XA 0 V") = {fiA 0 F) o (A (g) Va<»v), 

that is, VA®y is a left A-niodule morphism (see Lemma 3.1 of |12| 1 for the regular action (pA^v = p-A®V ■ 
With AxV ^ iA 0 V '■ Ax V A® V and pa 0 V '■ A Ax V we denote the object, the injection and 

the projection associated to the factorization of Finally, if ipy satisfies ([T]), the following identities 

hold 

{pA (g) F) o (A (g) ll}y) O (VA(giy 0 A) = (pA (g> "F) o (A g) tjjy) = yA®v o {pA g F) o (A (g) tpy). (3) 

From now on we consider quadruples Ay = {A,V,ipy,ay) where A is a monoid, V an object, tpy : 
1/gA—>-AgF a morphism satisfiying ([T]) and Uy :V ®V ^ A(^V a morphism in C. 

We say that Ay = (A, F, ipy^ ay) satisfies the twisted condition if 

(pA g F) O (A g ^y) o (cTy g A) = (pA g F) O (A g ay) O {tpy g F) O (F g V'y) (4) 

and the cocycle condition holds if 

(pA g F) O (A g CTy) o {ay g F) = (pa g F) o (A g cry) o {il)y g F) O (F g ay). (5) 

Note that, if Ay = {A,V,\l!y,ay) satisfies the twisted condition in Proposition 3.4 of [12] we prove 
that the following equalities hold: 

(pA g F) O (A g CTy) o {-ipy g F) O (F g VA®y) = VA®y o (pA g F) o (A g cry) o {ij)y g F), (6) 


VA®y o {pA g F) o (A g CTy) o (VA(giy g F) = VA^y o (pa g F) o (A g cry). (7) 

Then, if Vas^v ° cr^ = CTy we obtain 

(pA g F) O (A g CTy) O {ipy g F) O (F g VA(g)y) = (pa g F) o (A g cry) o (^y g F), (8) 

{fiA g F) O (A g CTy) O (VA®y g F) = (pa g F) o (A g cry). (9) 

By virtue of (|3|) and ([S]) we will consider from now on, and without loss of generality, that 

VA(g)y O CTy = CTy (10) 

holds for all quadruples Ay = (A, F, 'tpy,ay) (see Proposition 3.7 of [T2]l. 

For Ay = (A, F, 'ipy,ay) dehne the product 

PAm = {^^A g F) O (pA g CTy) O (A g V'y g F) (11) 

and let pAxy be the product 

fJ-AxV = PA0V ° fJ-A^V ° iiA<»ViA<»v)- (12) 


If the twisted and the cocycle conditions hold, the product pLA®v is associative and normalized with 
respect to VA®y (i.e. VA®y o pA®y = PA<x,v = Pa®v ° (VA®y g VA^y)) and by the definition of pA®y 
we have 

liyi(8)y o (VA®y g A g F) = pA(8)y (13) 

and therefore 

MA®y o (A g F g VA(8)y) = PA®y- (14) 

Due to the normality condition, pAxy is associative as well (Propostion 3.8 of dH). Hence we define: 

Definition 1.1. If Ay = (A, F, ipy, ay) satisfies Q and ([Sj) we say that (Ag F, pA®y) is a weak crossed 
product. 
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The next natural question that arises is if it is possible to endow A x V with a unit, and hence with a 
monoid structure. As A x y is given as an image of an idempotent, it seems reasonable to use the notion 
of preunit introduced in [3] to obtain an unit. In our setting, if A is a monoid, V an object in C and 
niA^v is an associative product defined in A 0 y a preuiiit v : K ^ A(i)V \s & morphism satisfying 

mA®v o {A®V ® v) = mA^v o (z/ (g) A 0 F) = mA^v o (A 0 ® {niA^v o (z/ 0 v))). (15) 

Associated to a preunit we obtain an idempotent morphism 

^A<»v = o(A0V'0z/) :A0V^ -a A ^V. 

Take A x V the image of this idempotent, p'a^v projection and Ia^v injection. It is possible to 
endow A x 1^ with a monoid structure whose product is 

iTiAxv = Pa0V ° o {i'A®v ® *l4®y) 

and whose unit is pAxv = Pa 0 V ° ^ (®®® Proposition 2.5 of [12]i. If moreover, ruA^v is left A-linear for 
the actions (pA<s>v = PA ^ V, PA<^vt^A®v = PA®v 0 A 0 P and normalized with respect to the 

morphism 

/3i, : A -)■ A 0 fy /3y = {pA 0 P) o (A 0 y) (16) 

is multiplicative and left A-linear for ipA = PA- 

Although Pi, is not a monoid morphism, because A 0 P is not a monoid, we have that Pv o PA = y, 
and thus the morphism Pi, = Pa^v ^ P^ '■ A ^ A x V \s a, monoid morphism. 

In light of the considerations made in the last paragraphs, and using the twisted and the cocycle 
conditions, in [12] we characterize weak crossed products with a preunit, and moreover we obtain a 
monoid structure on A x P. These assertions are a consequence of the following results proved in |12j . 

Theorem 1.2. Let A he a monoid, V an object and ttia^v :A0P0A0y—>-A0P a morphism of 
left A-modules for the actions ipA®v = Pa(S>V, <Pa®v®a®v = PA®v 0 A 0 P. 

Then the following statements are equivalent: 

(i) The produet niA^v is associative with preunit v and normalized with respeet to '^a^v 

(ii) There exist morphisms tpy : P 0 A —^ A 0 P, ay : P 0 P ^ A 0 P and y : k ^ A®V such 
that if PA 0 V is the produet defined in m, the pair (A0P, pA®v) is a weak crossed product with 
rriAt^V = PA 0 V satisfying: 

{pA 0 P) o (A 0 (7y) o (pjy 0 P) o (P 0 y) = VA(8)y o {pA ® V), (17) 

{pA 0 P) O (A 0 (7y) o (y 0 P) = o {PA ® V), (18) 

{PA®V) O {A^'ify) o {v ® A) = p,y, (19) 

where Pi, is the morphism defined in m- In this case v is a preunit for pA<^V: the idempotent morphism 
of the weak crossed product V^igiy is the idempotent and we say that the pair (A 0 P, pA®v) is a 

weak crossed product with preunit y. 

Remark 1.3. Note that in the proof of the previous Theorem for (i) (ii) we define tpy and ay as 

ify = mA®V o{PA®V ® P„), (20) 

ay = mA®v o {PA®V ®pA®V). ( 21 ) 

Also, by HH), we have 

o y = y. (22) 

Corollary 1.4. If (A 0 P, PA®v) is a weak crossed product with preunit y, then A x P is a monoid with 
the product defined in liliA) and unit pAxV = PA®v ° 

The aim of this section is to iterate weak crossed products with a common monoid, that is weak crossed 
products induced by quadruples of the form Ay = (A, P, ipy, ay) where A is fixed. 
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Definition 1.5. Let = {A, V, = (A, W, ipw^^w) t>e two quadruples. We say that 

^v<^w '-V^W V ®W 

is a link morphism between Ay and Ay/ if the following conditions hold: 

"^vt^w — ^v®w) ° (23) 

'^V(giW — A^V0W ° o (L^ ® V'w)j (24) 

where 

i’V<S,W = i'^V ® kL) O (V^ ® 'ipw) O (Ay^y/ (g) A). 
and V/i(giy(gy/ : A®V ®W ^A(8)y®Wis the morphism defined by 

= {^jla®V ®W) o [A® ^V0w) o (^ ® ® kL ® iia)- 

Lemma 1.6. Let Ay = (A, V, i/jy, cry) and Ay/ = (A, W, crj^) be two quadruples. If there exists a 
link morphism Ay^y/ : V ®W -A V ®W between them, the morphism ^/’y^y/ introduced in the previous 
definition satisfies m and as a consequence ^A 0 V 0 W Is an idempotent morphism and the following 
identity holds: 

V'y^iy =o V'y^iy- (25) 

Proof: 

Using that i/'y, ipw satisfy ([T]) and satisfies (051) we obtain 

(/iy (g) U ® W) o (A ® f’v^w) ° ii’v^W ® ^) 

= {pA ®V ®W) O (A® fjy ®W) O ® f}^) o{V ® ® A) O (Ay^y/ ® A) 

= {fiy ®W)o{V® fj^) O (Ay^y/ ® ha) 

~ '^v^w ° )y ® kU 0 Ha) 

and then ([T]) holds for tpy^^y- Finally, (051) follows directly from ([T]) for 

□ 


Definition 1.7. Let Ay = (A, V, fiy, ay) and Ay/ = (A, W, V'y/) cr^) be two quadruples. We say that 

:W®V ^V®W 

is a twisting morphism between Ay and Ay/ if the following conditions hold: 

(i) (V'y 0 kF) o (U 0 fi^) o (r^ 0 A) = (A 0 t^) o 0 U) o (W 0 V'y)- 

(ii) {ha 0 U 0 W) o {A® ay ® W) o {tp^ ® r^) o (U 0 a^ 0 U) o (t^ 0 IF 0 U) = 
(p/l 0 V' 0 kU)o(A 0 l/'y 0 kF)o(A 0 F' 0 cr^)o(A 0 T^ 0 lF)o(^/;^ 0 V' 0 lF)o(V' 0 cry 0 IF) 0 ( 1 ^ 01 ^ 0 t^). 

Theorem 1.8. Let Ay = {A,V,fiy,ay), Ay/ = {A,V,'fi^,a^) be two quadruples satisfying ^ and (0) 
with a link morphism Ay^w : U 0 kF —>■ U 0 kF and with a twisting morphism : IF 0 F —>■ F 0 kF 
between them. Then if we define cry^y/ :F 0 kF 0 F 0 kF—>-A 0 F 0 kF by 

CTy^y/ = {ha 0 F 0 IF) O (A 0 ^/>y 0 IF) O (fTy 0 a^) O (F 0 0 kF) (26) 

and it satisfies 

'^v^w — '^v<siw ° {^v®w 0 F 0 kF), (27) 

'^Vt^w — ^V!S)W O (F 0 IF 0 Ayigiy/), (28) 

o'y®y/ = (^ ® ^V^wc) o CTy^y/, (29) 

the quadruple 

Ay®y/ = (A, F 0 kF, V'y^y/, CTyigiy/), 

where fjy^w ** morphism defined in Lemma 1 1.1)1 satisfies the equalities and HIM . As a 

consequence, (A 0 F 0 kF, ha®v®w) is a weak crossed product with 

TA 0 V^W = {ta 0 F 0 kF) o {ha 0 0 ’y(giy/) ° (/4- 0 Ipy^w ® k^)- 
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Proof: 

First we prove the twisted condition. 

{HA 0 V) o (A (g) V'l/igiVv) ° ® 

= (((/iA <g) F) o (A (8> ipv)) ^W)o {ay (g) ((^A (g) fF) O (A (g> o (cr^ (g) A))) o (F (g) (g) tF (g) A) 

o(Av,g,W <g> Ay,g,w <8> 

= ((/TA o (A (g) cTy) o {ip^ (g) F) O (F (g) V'v)) ® fF) O (F (g) F (g) ((/TA (g) fF) O (A (g) a^) o {-ip^ (g) tF) 
o(tF (g) ■i/'w))) o (F (g> (g> tF (g) A) o (Avigivv (g> Avgiw 0 A) 

= (((ma (8> F) o (/r^ (g) ay) (g> (A (g> V’y <8) F) o (g) (g) tF) 

o(F (g> {{ip^ (g) a^) o (F (g> (g) tF) o (r,^ (g) o {Av<g)W ® (g) A) 

= {{{fiA (g> F) o (A (g) ((/iA (g> F) o (A (g) cTy) o (g> F) o (F (g) -ipy)))) <8) IF) 
o(gl 0 F 0 F ® a^) o (((V^^ 0 T^) o (F 0 V'iv ® F) o (F ® tF 0 V'v)) ® F") 
o(F ® tF (g) F (g o {Av^w ^ Av^w <g A) 

= (/ta <g F (g) TF) o (A (g) o {ipyf^y^ ®V ®W)o{V ®W ® ipy^w)- 

In the previous calculus, the first equality follows by, (EID, (IMD, (EH), E]) for Ay and the associativity 
of /iA, the second one follows by the twisted condition for Ay and Ay/, the third one follows by ([T]) for 
Ay and the fourth one follows by (i) of Definition (11.71) as well as the associativity of ha- Finally, in the 
last one we use the twisted condition for Ay. 

The proof for the cocycle condition is the following: 

(/iA (g F (g> IF) O (A (g (Tyigiy/) O {cTy^yr ® F g) IF) 

= ((/iA o (A g) /^a)) g F g IF) o (A g /iA g V'y g W) o (A g ((A g ay) o {ay g F)) g A g IF) 
o{'4’v g F g F g a^) o (F g {{ipy g T,^) o (F g a^ g F) o (r^ g IF g F)) g IF) 
o{Av0w gFglFgFglF) 

= (/iA g F g IF) o (/iA g i/’y g IF) o (A g CTy g A g IF) o (i/j^ g F g a^) 

o(F g [(/iA g F g IF) o (A g cTy g IF) o {ip^ (g) T^) o (F g a^ g F) o (r^ g IF g F)] g IF)o 
o(Ay^y/ gFglFgFglF) 

= (/iA g F g IF) o (/iA g V'y g W) o (A g cTy g A g IF) o (i/;^ g F g a^) 

o(F g [(/iA g F g IF) o (A g i/jy g IF) o (A g F g cr^) o (A g g IF) o (i/;^ g F g IF) 
o(F g cTy g IF) o (IF g F g r^)] g IF) o {Ay^w g F g IF g F g IF) 

= (/iA g F g IF) o (/iA ^i^y® W) o (A g ((/iA g F) o (A g CTy) o (i/;^ g F) o (F g V'y)) g o-^) 
o(A g F g F g cr(y g IF) o (i/;^ g g IF g IF) o (F g V'y/ g F g IF g IF) 
o(F g IF g ((cTy g IF) o (F g r^)) g IF) o {Ay^w g F g IF g F g IF) 

= (/iA g F g IF) o (/iA g V'y g IF) o (A g ((/iA g F) o (A g ipy) o {ay g F)) g cr^) 
o(A g F g F g a^ g IF) o {ip^ g g IF g F) o (F g V'y/ g F g IF g IF) 
o(F g IF g {{ay g IF) o (F g r^)) g IF) o {Ay^w g F g IF g F g IF) 

= (/iA g F g IF) o {fj,A g V'y g IF) o (A g g ((/iA g IF) o (A g (T(^) o ((7^ (g) IF))) 
o(((V'y g T^) o (F g V'iy g F) o (F g IF g CTy)) g IF g IF) o(FgIFgFgr^g IF) 
o(Ay0y/ gFglFgFglF) 

= (/iA g F g IF) O (/iA g i/>y g IF) O (A g CTy g ((/iA g IF) O (A g CT^y) o (i/;^ g IF) O (IF g CT^y))) 
o(((V'y g T^) o (F g g F) o (F g IF g CTy)) g IF g IF) o(FgIFgFgT^g IF) 
o(Ay0y/ gFglFgFglF) 

= (/iA g F g IF) o (A g /iA g F g IF) o (A g A g i/)y g IF) 

o(A g ((/iA g F) o (A g ijjy) o {ay g A)) g CT^) o (A g F g F g g IF) 

°i'4’v g Tiy g CTjy) o (F g g F g IF g IF) o (F g IF g ((cTy g IF) o (F g r^)) g IF) 
o{Ay^w gFglFgFglF) 

= (/iA g F g IF) o (A g /iA g F g IF) o (A g A g i/)y g IF) 

o(A g ((/iA g F) o (A g CTy) o g F) o (F g ^y)) g CT^) o (A g F g F g g IF) 
o{ipy g T,y g CTj^) o (F g g F (g> IF g IF) o (F (g> IF g ((cTy g IF) o (F g T^)) g IF) 
o{Ay^w gFglFgFglF) 

= (/iA g F g IF) o (A g /iA g F g IF) o (A g A g i/jy g IF) o (/iA o cry g a^) 

0(A g i/jy g g IF) O (i/jy (g) g F g IF) O (F g g ijjy g IF) O (F g IF g Cy g CT)y) 
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o{V ® (g) V (g) 0 W) o (Ayi^w 0 ® ® ® W) 

= ifJ-A g) ® W) o (gl (g) (Ty^y^r) O (jpY0\y g) V) O (V g> VF g> O'y^yy)- 
In this proof, the first equality follows by ((27ll . the associativity of fiA and the twisted condition for 
Ay, the second one follows by the cocycle condition for Ay, ([T]) for Ay and the associativity of In 
the third one we used (ii) of Definition uni. The fourth one is a consequence of (HD for Ay and the 
associativity of ha- The fifth one follows by the twisted condition for Ay and the associativity of ^a- 
In the sixth one we used ([T]) for Ay and the associativity of The seventh one follows by the cocycle 
condition for Ay/ and in the eight one we applied ([T]) for Ay and the associativity of ha again. The ninth 
one follows by the twisted condition for Ay and the tenth one follows by (i) of Definition (11.71) and the 
associativity of ^a- Finally, the last one was obtained using (HD for Ay and Ay/. 

The proof for the equality (ITUl) is the following: 

A®V®W O CTyigiy/ 

= (MA g) 17 (g) IT) O (A g) V’y g) IF) O gl V g> 1p^) o {{{A g Ay^y/) O CT^^y/) g IJa) 

= {fXA g F g IF) O (A g g IT) O (A g F g il)^) O {ay^yy g -qA) 

= {flA g F g IF) o (A g g IT) o (cTy g (V^,g,y/ o cr^)) o (F g g IF) 

- 

— 

where the first equality follows by definition, the second one by (1^51) . the third one by ([T]) for ipy and 
by the associativity of ^a- The last one relies on the properties of cr^, that is Va^w ° — '^w- 

□ 

Definition 1.9. Let Ay = {A,V,'ipy,<7y). Ay/ = {A,W,'ip^,<7^) be two quadruples satisfying (jU and 
([S]) with a link morphism Ay^w : F g IF ^ F g IF and with a twisting morphism : IT g F ^ F g IT 
between them. Let (A g V,qA®v) and (A g W,qA®w) be the weak crossed products associated to Ay 
and Ay/ and suppose that the morphism Uy^y/ defined in ((26ll satisfies (l27ll . ([28| and (l29ll . The weak 
crossed product (A g F g IF, q,A®v^w) defined in the previous theorem will be called the iterated weak 
crossed product of (A g F, qA 0 v) and (A g IT, qA®w)- 

In the following theorem we introduce the conditions that implies the existence of a preunit for the 
iterated weak crossed product defined previously. 

Theorem 1.10. Let Ay = {A,V,ipy,ay), Ay/ = {A,W,'tp^,a^) be two quadruples satisfying 0 and 
^ with a link morphism Ay^w : F g IT ^ F g IF and with a twisting morphism : IT g F ^ F g IT 
between them. Let (A g F, pLA®v) o,nd (A g IT, p-A^w) be the weak crossed products associated to Ay and 
Ay/ and suppose that vy : K ^ A®V and vw : AT —A g IT are preunits for pA®v o.iT'd pA®w ■ If the 
morphism cry^^yy defined in Ii26]) satisfies I if Til . i28\) . i29\) and the following equalities hold 

{pA g F g IT) o (A g (Ty g IF) o {'>py g T^) o (T g g F) o {Ay^w ® vy) (30) 

= ^A<g)V0W o iVA g F g IF), 

{pA g F g IF) o (A g V'y g IF) o (A g F g o (A g ry) g IT) o (yy/ g F g IF) (31) 

= A®V®W o iVA g F g IF), 

the iterated weak crossed product of (A g F, pA^v) o-i^-d (A g IF, pa®w) has a preunit defined by 

= V/i(giy(giy/ o (py g F g IF) o (A g ipy g IF) o (yy g yy/). (32) 

Proof: 

Note that to prove that vy^yr is a preunit we need to show that the equalities (fT71) . (fTSl) and (fini) hold 
for the quadruple Ayg,y/ = (A, F g IF, f^y^yy, o-y,g,y/)- 
In this setting, the equality HID holds because: 

(pA ® F g IF) o (A g f’y^yy) O {vy^w ® A) 

= A^v®w o {pA g F g IF) o (A g PA <8i F g IT) o (A g A g ■i/jy g IT) o (A g V'y g V’iy) 
o(yy g yy/ g A) 
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— ^A(S>V(S>W ® ii^vv ^ ® 

= ° {pA ® V (8> H^) O (A ® {{P^y ® ly) o l^^r)) 

Pfv^w > 

where the first equality follows by ([3]) for Ay 0 w and (1331) . the second one follows by the associativity 
of flA, O for Ay and dT31) for and , the third one follows by the left A-linearity of /S^y and the 
last one follows from the left A-linearity of Va^v^w- 
The proof for the equality (flTl) is the following: 

(^A 0 V ® IT) O (A (8> cTy^Yr) O ®v ®W)o{y ®W ® Vv®w) 

= {,^J■A®V®W)o{A®ayf^y^)o{'^l}^^y^^V®W)o{y^W®{{^lA®V®W)o{A®'^j)y®W)o{vv®vw))) 
= (/iA<8)l^®fT)o(pA®^®l^®bT)o(^®/iA<8icry (8)fT)o(A(g)A(8>V’y <8)l^®fT)o(yl(g)'!/:y <8)bb) 

o(A(g)V(8>A(g)V(g) cr^) o (A 0 V < 8 > A <g} <g) W) o 0 ip^ ®V ^ W) o (F 0 ip^ ^ipy® W) 

o(Ayig,w ®vv® vw) 

= {^A®V ® IT) o{A®ay (g)fT) o [pip^ o{V ® (pa o ^j,a))))^V ® IT) o (V ^ A'^ A^-ipy ^W) 

o(T(8>A(g)A(g)T(g)cr^)o(T ®A®{{A®T^)o{'ip^®V)o{W®'ipy))®W)o{V ^tp^^V ®A®W) 
o(Ayig,w ®Vv® vw) 

= {^A®V (8>1T) o{A®(jy (g)lT) o {{ip^ o{V ® (pa o {A® ^a))))®V (8>1T) o (T ^A^A^ipy^W) 
o(T (g)A(g)A(g)T(g)cr^)o(T (g)A(8>(((^y (g)lT)o(T/ (g)'!/'^)o(T^(g)A))(8>lT)o(T ^ip^^V ®A®W) 
o(Ayig,w ®vv® Vw) 

= (pa <8) T (g) IT) o (A(g)cTy (g) W) o {{ip^ o (T g) pa)) 0 T g) IT) o {V ® A^ipy ® IT) 

o(Tg) AgTg ((pa ® W^) ° {A0a^) o (tp^ gIT) o (ITgi^w))) o {V g^gr,^) o (Vf^tpw ® 

o(Ayig,w g Vv) 

= (pAgV'glT)o(AgCT(^glT)o(-0^gt/glT)o(TgpAgTglT)o(TgAg-!/'yglT)o(TgAgTg'!/'(t') 

o(Tg Ag g A) o (T g ip^ g T g A) o {Ay 0 w g g Pa) 

= (pAgTglT)o(Ag((pAgT)o(AgtTy)o(^^gT)o(Tg'!/'y))gfT)o(AgTgTg^^)o(^/)^gT^gA) 
o(T g 'ip^ g T g A) o {Av 0 w ®vv ® va) 

= (pa g T g IT) o (A g V'y g IT) o (A g T g ('0^ o (IT g pa))) o (pa g T g W) o (A g cry g IT) 
o(V’y ® T^) o{y ®'lp^®V)o (Ay^w ® Vy) 

= (pA®V’glT)o(Agr/!yglT)o(AgTg(r/>^o(lTgpA)))o(V'y gfT)o(Tgr/>^)o(Ay,g,iygpA) 
= A®V®W ° i'll A g T g IT). 

In this proof, the first equality follows by (jS]) for Ay,g,iy, the second one follows by (HD for Ay, Aw, 
the associativity of pA and the twisted condition for Ay, the third one follows by ((T)) for Ay and the 
associativity of pA- In the fourth one we applied (i) of the definition of twisting morphism and the fifth 
one is a consequence of ([T]) for Ay. The sixth one follows by (TTfl) for Ay/, the seventh one follows by ([T]) 
for Ay and the ssociativity of pA, the eight one relies on the associativity of pA and the twisted condition 
for Ay. Finally, the ninth one is a consequence of (l30ll and the last one follows by ([T]) for Ay, Ay/. 

On the other hand, the proof for the identity (ITSll is 

(pA g T g IT) O (A g cTy^w) ° {vv^w g T g IT) 

= (pa g T g IT) o (A g (Jy^y^) o (((pa g T g IT) o (A g ■i/'y g IT) o (yy g yw)) g T g IT) 

= (pa g T g IT) o ((pA o (A g pa)) g cr0 g IT) o(AgAg-0ygTg IT) o(AgAgTg-!/'y® IT) 
o(A g A g T g T g aw) o {A ®-ipy ® ® W) o (yy g yw g T g IT) 

= (pAgTgIT)o(pAgCTygIT)o(AgV'ygTgIT)o(yyg((pAgTgIT)o(Agr/iygIT)o(AgTgCT)^) 

o(A g g IT) o (yw g T g IT) 

= (pa g T g it) o (pa g cTy g it) o (A g V'y g T g it) o (yy g (Va^v^w o (pa g T g IT))) 

= (pAgTgIT)o(Ag-!/'ygIT)o(AgTg('!/'wo(ITgpA)))o(((pAgT)o(Agcry)o(yygT))gIT) 

oAyigiW 

= (pa gTgIT) O (Ag-i/'y gIT) O (AgTg (V’w o (ITgpA))) o {{Va®v ° (paOI^)) OlT) o Ay^w 
= VA(g)y®w ° (pa g T g IT). 

The first equality follows by ([3]) for Ay,giw, the second one follows by the associativity of pA and the 
twisted condition for Ay, the third one follows by (HD for Ay, the fourth one relies on (|3T]) . the fifth one 
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follows by the twisted condition for Ay and the associativity of ^a, the sixth one is a consequence of (fTSl) 
for Ay and finally, the last one follows by ([1]) for Ay. 

□ 


Remark 1.11. Note that we can obtain similar results about the iteration process if we work with 
quadruples yA = {V, where ■i/'X '■ A®V ^ V ® A and : V <S>V ^ A<SiV satisfy the 

suitable conditions that dehne a weak crossed product on V (S) A. 

2. Some examples 

The aim of this section is to provide some examples of the iteration process introduced in the previous 
one. 

Example 2.1. Let C be a category. The category of endofunctors of C is a strict monoidal category with 
the composition of functors, denoted by @, as the product and the identity functor as the unit. We denote 
this category by End{C). The morphisms in End{C) are natural transformations between endofunctors 
and we denote the composition (the vertical composition) of these morphisms by o. The tensor product 
of morphisms in End{C) is defined by the horizontal composition of natural transformations and in this 
paper is denoted by the same symbol used for the composition of functors (see [12] for the details of the 
horizontal and vertical compositions). Given objects T, S, El and a morphism t : S ^ E[, we write T @t 
for idr ® t and t @T for r @ idx where idx denotes the identity morphism for the object T. 

A monad on C consists of a endofunctor S : C ^ C together with two natural transformations rjs '■ 
idc —>■ S (where idc denotes the identity functor on C) and fis ■ = S @ S ^ S. These are required to 

fulfill the following conditions 

fJ-s o{S @ ris) = ns ° (ris @ s) = ids, (33) 

ns ° [s @ ns) = ns o ins @ s). (34) 

Then, a monad on C can alternatively be defined as a monoid in the strict monoidal category End{C). 

The notion of wreath was introduced by Lack and Street in El. A monad S' in C is a wreath if there 
exist an object in T € EndiC) and morphisms in EndiC), A:T®S^S@T, r: idc S @ T and 


v: T@T^S@T satisfying the following conditions: 

ins ® T) o (S ® A) o (A ® S) = A o (T @ ns), (35) 

A o (T ® Tjs) = Vs ®T, (36) 

ins ® T) o (S ® r) = ins ® T) o (S ® A) o (r ® S), (37) 

ins ® T) o (S ® n) o (A ® T) o (T ® A) = ins @ T) o iS @ X) o (v @ S), (38) 

ins @ T) o (S @ v) o [v @ T) = ins @ T) o (S @ v) o iX @ T) o (T © v), (39) 

ins @ T) o is @ v) o (t © T) = r]s © T = ins ® T) o (S ® w) o (A ® T) o (T ® r). (40) 


If we put tp^ = X and = v, we obtain that Sy = (S, T, cr^) is a quadruple satisfying (|T|)i O 
and ([5|) where the associated idempotent defined in ([2|) is V s@t = ids@T because A satishes the identity 
()36l) . Then, the product induced by a wreath (wreath product) defined by 

ns@T = ins @T)o ins ©v) o is@ x@t) 

is the one defined in m and it is associative because satisfies (iv) (twisted condition) and (v) (cocycle 
condition). Then S ® T is a monad with unit vs®t = t. 

Note that, in this case we do not need that every idempotent splits because the associated idempo¬ 
tent Vs®T = ids@T- Therefore wreath products are examples of weak crossed products with trivial 
idempotent. 

An example of wreath products cames from the notion of distributive law introduced by Beck in |2j 
(see also |24]). Suppose that T and S are two monads on C. A distributive law of the monad S over the 
monad T is a natural transformation 


X:T©S ^ S©T 
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such that 

A o (S) S) = {S @ ^j-t) o (A @ T) o (T @ A), (41) 

A o (r]T @ S) = S @ rjT, (42) 

A o (T @ ^s) = (/is @T)o{S@X)o{X@S), (43) 

Xo {T ©ijs) = r]s @T. (44) 

Then, \i t = rjg @ rjT and v = rjg @ /it we obtain a wreath for the monad S and also a weak crossed 
product associated to the quadruple St = {S, T, ip^, a^) where i/jt = X, = v and 

^J-S@T = i^J>s ® ^it) o {S @ X@ T). 

Suppose that S', T and D are monads in C such that there exists the following distributive laws between 
them 

Ai:T@S^S®r, X2-.D@T^T@D, X3:D@S^S@D, 

satisfying the compatibility identity (called the Yang-Baxter relation or the hexagon equation) 

(S ® As) o (As @T)o{D@ Ai) = (Ai @ D) o {T @ A 3 ) o (As ® S). (45) 

Then, under these conditions we have two quadruples 

§T = {S,T,ijj§, = Ai,cr| = ?7S ® /ir), 

Sd = (S, D, V'l, = A3, a^=r]s@ fio), 

satisfying ([ 1 ]), (H]), ([S]). If we put At@d = idT@D as a link morphism (note that in this case the equalities 
((27l) . ((28l) and (l29l) are trivial) and = As we have that the condition (i) of Definition 11.71 holds because 
we assume (HSI) . On the other hand, the condition (ii) of the same Definition also holds because: 

(/is @T @ D) o {S ® aT @ D) o {tpj, ® r^) @ {T @ af) @T) o (r^ @ D @T) 

= {vs ® ((mt ® Md) o (T @ As ® D) o (As ® As))) 

= (ms @T @ D) o [S @ D) o (S @T @ af)) o [S ©t]^© D) o ©T © D) o {D © © D)o 

o{D©T@t'E). 

Therefore, = As is a twisting morphism between the quadruples and As a consequence, by 
Lemma [m and Theorem ll.81 the quadruple 

^T@D = (s, T @ D, tpTf^D^ ^T@d)i 

where 

'^T@D ~ i^T ® dX) o (T © = (Ai ® D) o {T © A3) 

and 

^T@D = (ms ®T © D) o {S © ipT © D) o (erf ® erf) o (T © © D) = rfs © ((mt ® M£>) o (T ® As ® D)), 

satisfies the equalities O and Then, the pair, {S © T © D, fis®T®D) is the iterated weak crossed of 
{S ® r, ms@t) and {S ® D, ms@d) with associated product 

^J-S®T®D = ifj-s @T@ D)o (/is ® crfg,£,) o (S' ® V'loD © T © D) = 

(ms ® Mr ® Mr) o (S ® ((Ai ® As) o (T ® A3 ® T)) ® D). 

In this case the preunits are units. The object S ©T © D is a monad with unit 

'ns®T®D = fls © rjT @ rjD 

because S ©T and S © D are also monads with unit ?7 s@t = Vs @Vt and vs®d = Vs @Vd respectively. 
Therefore, (1501) and (jOTl) holds and the morphism i't@s defined in ((50|) is vs®t@d- 

For example, if C is a strict monoidal category and A, B are monoids in C the twisted tensor product of 
algebras introduced in Iin],i20] is an example weak crossed product associated to a wreath for the monad 
S = A© In this case T = B © — and X = R© — where R: B©A^A©B is the twisting morphism. 
Furthermore, the natural transformation A = i? ® — is a distributive law of the monad S' = A ® — over 
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the monad T = _B (g> — if and only \i R : B ^ A ^ B \s a, unital twisting morphism. Suppose that A, 
B and C are monoids, let 

Ri ■. B ® A^ A® B, R 2 : C ® B ^ B ® C, R 3 : C ® A^ A®C, 

unital twisting morphisms, and consider the monads S = A®—,T = B®—,D = C®—, the induced 
quadruples St, Sd and the twisting morphism = R 2 ® —■ Then the iterated product defined in 
Theorem 2.1 of m is the one associated to the quadruple 

§T®n = {S,T © D, '^T®u) 

when we apply the functors in the unit object of the category. 

Example 2.2. In this case we assume that C is a category where every idempotent morphism splits. As 
in the previous example we work in the category End(C) and it is easy to show that every idempotent 
morphism splits in End(C) because every idempotent morphism splits in C. 

Given to monads S and T, the notion of weak distributive law of the monad S over the monad T was 
introduced by Ross Street in [3^ as follows, ft consists of a natural transformation 

X:T@S ^ S@T 

such that satisfies (HD) . (H51) and 


A o {riT © S) = (/15 ©T) o {S © {Xo {r]T © (46) 

X o (T © ris) = (S © fj^r) o ((A o (rjT © rjs)) © S). (47) 

In this definition the axioms (H51) and (H71) can be replaced for the identity [[2S], Proposition 2.2]: 

{S @ fir) o ((A o (rjT @ S) ©T) = (/15 @ T) o (S © {X o (T © r]s))). (48) 

For a weak distributive law, the weak wreath product is defined by 

t^s@T = (ms ® Mt) ° {S @ X@T). 

The same set of axioms for monoids in category of modules over a commutative ring can be found 
in [ 9 ]. Then, the conditions used in [9] define a weak wreath product associated to monads induced by 
monoids. 

It follows by (HTl) and (H51) that hs@t is an associative product but possibly without unity. In any 
case, if we take the quadruple 

§T = (S, T, -01 = X,aT = {S © fir) o ((A o (T © 775 )) ® T)), 
we obtain that St satisfies QJ, (5]), ([S]) and dTU)) . The associated idempotent defined in ([5]) is 

Vs@T = {^J'S @ T) o {S @ {X o (T © rjs))). 

Then, the weak wreath product defined by the weak distributive law is the one induced by the quadruple 
Sy. Therefore, every weak wreath product is a weak crossed product. In this setting the morphism 
vt = Vs®T o (r]s ® tjt) is a preunit and S' x T is a monoid with unit rjsxT = Ps@t ° (see also [|12|. 
Example 3.16]). 

Note that the equality (H51) implies that 

= (S ® ht) o ((Vs@t o ivs ©T) @T) = y s@T ° (?7S ® Pt) = A o {p,T © rjs)- (49) 


Suppose that S, T and D are monads in C such that there exists tree weak distributive laws between 
them 

Xi:T©S ^ S©T, X 2 :D©T^T©D, X 3 : D © S ^ S © D, 
satisfying the Yang-Baxter relation (1451) . Then, under these conditions we have two quadruples 


St = (S, T, ■i/;| = Ai, CTt = (-S' ® Pt) o ((Ai o (T ® rjs)) © T)), 
Sd = (S, D, -ipf) = A 3 , cr|, = (S ® pd) o ((A 3 o{D© rjs)) © D)), 
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satisfying ([T|), (| 3 ]), @ and (|10p . If we put At@d = '^t@d we obtain a link morphism. Indeed, we have 
that ((Ml) holds because 

(S' @Vt@d) Oli’T@D 

= (S ® /iT @ /in) o (Ai @ A2 ® D) o (T ® A3 ® A2) o ((A2 o {rjD ® T)) ® A3 ® tjt) 

= (S® ((/iT®/in) 0(7’® A2® hi) o(A2@T'®ZI)))o (A3 @T®T®ZI)o(iA® Ai@A2)o(7/n®£*® A3 ©r/r) 
= (S ® T @ /in) o (S ® A2 ® D) o (A3 ® Vt®d) o {D @ Ai ® D) o (i/n @T © A3) 

= \s @T @ /in) o (((S ® A2) o (A3 @T)o {D © Ai)) © D) o [rjD ©T © A3) 

= (Ai ® fin) o (T ® A3 ® £>) o ((A2 o (i/n ® T)) © A3) 

= '‘Pt@d 

In the last equalities, the first one follows by (HD) for A3 and A2, the second one follows by (H 51 ) . the 
third one follows by (IMl) for A2, the fourth one follows by 

(T @ /in) o (A2 ® H) o (H ® VT®n) = {T @ /in) o (A2 ® D), ( 50 ) 

the fifth one relies on (HSl) and the last one is a consequence of (HTl) for A3. 

The equality (IMl) follows by 

Vs®T®u o (Ai @ D) o (T © A3) 

= @ /J-t) o (S ® Ai ® T)) @ D) o (Ai ® ((Ai ® H) o (T ® A3) o (A2 ® S))) o (T ® A3 ® t/t ® i/s) 

= (((/is ® /in) o (S ® Ai ® T)) @D)o (Ai ® ((S ® A2) o (A3 ©T)o{D@ Ai))) o (T ® A3 @ t/t ® Vs) 
= {S@ht@D)o (Ai © X2) o {T © X3 @T) o {T © D © (Vs@t o (S @ vt))) 

= (S ® /It ® hi) o (Ai ® T ® H) o (T ® (((S ® A2) o (A3 @T)o{D© Ai)) o (hi @ t/t ® S))) 

= (S ® /It ® hi) o (Ai ® T ® hi) o (T ® (((Ai © D) o (T © A3) o (A2 ® S)) o (hi ® t/t ® S))) 

= 

where, the first and the sixth equalities follow by (IdD) for Ai, the second and the fifth ones follow by 
((Ml) , the third relies on (IM)) for Ai and A3 and, finally, the fourth one follows by (|Mll . 

On the other hand, if = A2 we obtain that the condition (i) of Definition 11.71 holds by (IMIl . 
Moreover, condition (ii) of the same Definition also holds because we have the following: 

(/is @ T @ D) o (S © @ D) o @ r^) @ {T @ afy ©T) o (r^ © D @T) 

= is @ht@D)o (Ai ® (A2 o (/is, ® T))) o (((T® A3) o (A2 ® ??s)) @D©T) 

= {S@ ((/iT ® /in) o (T ® A2 ® D) o (A2 ® T ® D))) o (((A3 ©T)o{D© (Ai o (T ® ijs)))) © X2) 
= {S©T©i^d)o {{{S © X 2 ) o (A3 ® /ir) o (D ® (Ai o (T ® r/s)) © T)) © D) o {D © T © X2) 

= (S © T © ^n) o (((S © X2) o (A3 ©T)o{D© (Ai o (/ir ® vs)))) © D) o {D ©T © X2) 

= (Ai ® hd) o (T ® A3 ® D) o ((A2 o(D© /ir)) ® r/s ® hi) o (D ® T ® A2) 

= {{{S © /ir) o (Ai ® T)) ©D)o{T© ((Ai ® /iu) o (T ® A3 ® D) o (A2 ©vs© D))) “ (A2 ® A2) 

= ls©fiT© V-d) o (((Ai ® A2) o (T ® A3 ® T) o (A2 ® (Ai o (T ® r/s)))) ® D) o (D @ T ® A2) 

= {S © {{i^T © fio) o {T © X2© D) o {X2@T © D))) o {X3©T ©T © D) o {D © {Xio {T © ns)) ©T © D) 
o{D©T@tjs© (((Ai o (T ® r/s)) © D) o X2)) 

= (ms ® ((mt ® no) o {T © X2 © D) o {X2 @T © D))) o {S © X3 ©T ©T © D) o {X3 © Xi @T © D) 
o{D © (Ai o (T © r/s)) ® (((Ai o (T ® r/s)) © D) o X2)) 

= (ns@T@nD)o(S©S@X2@D)o(S@X3@T@D)o(X3@(Xio(nT©Vs)))©^)o(D@(Xio(T©7/s))©X2) 
= (ms ©T © D) o (S ©tpj’ @ D) o (S ©T © af)) o [S ©t]^ @ D) o @T @ D) o [D @ aj^ @ D)o 
o{D ©T @ t]j). 

In the last equalities, the fist one follows by (IMl) for Ai and 

{S © Vt) o (Ai @ T) o (T @ 'Vs@t) = [S @ ht) o (Ai ® T), 

the second one follows by (jM]! for A2 and (IM)l . the third one follows by (IMll for X 2 and the fourth one 
is a consequence of (|Mll for Ai. In the fifth one we used (IM)l and the sixth one relies on (IMll for A2 and 
dm) for Ai. The seventh one follows by (|Mll . the eighth one follows by Ai o (T ® r/s) = Vs@t o (r/s ® T) 
and ( 1451 ) . Finally, in the ninth one we used (H 51 ) for Ai and A3, the tenth one follows by (IMl) for A2 and 
(|m) for Ai and the last one follows by (HSl) . 

Therefore, = A2 is a twisting morphism between the quadruples St and So- 
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If we put 

<^T@D = @T @ D) o {S D) o (cr| @ af)) o{T@To®D) 

we obtain that 

^T®D = (^1 ® M-d) ° {fJ-T @ X 3 @ D) o {T @ X 2 @ r]s @ D) (51) 

and o-t@d satisfies (l27l) . (|28)) and (|2^ . Indeed: the equality (l27l) follows by 

{fj,T ® D) o (T (S) A 2 ) o (Vt®d @T) = (fXT ® D) o (T @ A 2 ) (52) 

and the proof for (1281) is 

^T@_D o{T@D@ Vt®d) 

= (Ai @ D) o (fj,rp (S) (A 3 o (/i£) (S) 775 ))) o (T @ X 2 @ D) o (T @ D @ Vt®d) 

= (Ai @ D) o lfj,rp ( 0 ) (A 3 o (/i£) (o) ? 7 s))) o (T @ X 2 @ D) 

- 

— ^T®D 

where the first and the third equalities follows by 

{S ® /!£,) o ((A 3 o{D® rjs)) @ D) = X 30 (fijj @ rjs) (53) 

and the second one follows by (I50|) . 

Finally, by 

Vt®d o (T ® = (T ® hd) o (Vt@d ® -D), 

XJt®d o {pT ® D) o (T @ X 2 ) = (/It @ D) o (T @ A2) 

and (HSl) we obtain ( 1 ^ . 

As a consequence, by Lemma |1 .61 and Theorem ll.81 the quadruple 

§T®n = {S,T ® D, iPt®dt'^t®d)^ 

where 

'>Pt®d = (''^1 ®D)o{T® A 3 ) o (Vt®_d ® -S'), 

satisfies the equalities (jH) and Then, {S ® T @ D, hs®t®d) is the iterated weak crossed product of 
{S @ T, ^s®t) and {S ® D, ij,s®d) with associated product 

tJ-S®T®D = ifJ-S @T ® D) O (fj,s ® CTto^i) O (S ® tpTtSjD @T @ D), 

and equivalently 

^J-s®T@D = {^J-s @ ^J-T @ hd) o (S @ ((Ai ® A 2 ) o (T @ A 3 ® T) o (Vt®_d ® Vsot)) ® D). (54) 

There is no difficulty to extend the previous considerations to the idempotent clousure C of an arbitrary 
2-category C and then, the iterated product obtained in (|54[) is the one induced by the weak distributive 
laws in C considered by G. Bohm in [ 0 , Lemma 2.3]. 

Also, we have the premiit conditions of Theorem If. 101 Indeed, the proof for (l30l) is the following: 

{fis ®T®D)o{S@aj^®D)o{Xi® X 2 ) o (T ® A 3 ® T) o (Vt®d ® i^t) 

= {S ® ht ® D) o (Ai ® A 2 ) o (T ® A 3 ® T) o {'S/t®d ® vt) 

= ls®fiT@D)o{Xi@T®D)o{T® ((S ® A 2 ) O (A 3 @T)o{D@ Ai))) o {Vt®d ®vt@ Vs) 

= ls®fiT@D)o{Xi@T®D)o{T® ((Ai ®D)o{T® A 3 ) o (A 2 ® -S))) o {Vt®d ®vt@ Vs) 

= '^S®T®D O ivs ®T ® D) 

where the first equality follows by (H51) and (H51) for Ai, the second one follows by the definition of Vs@Tj 
the third one relies on (H51) and the last one is a consequence (ITT]) for Ai and Vt®d o Vt®d — X/t®d- 
Finally, iiD follows by 

(/rs ® T ® D) o {S ® Xi ® D) o (S ® T ® af)) o (S ® X 2 ® D) o {ud ®T ® D) 

= {S®T®^j,d)o (((S ® X 2 ) o (A 3 ®T)o{D® Ai)) ® D) o {rjD ®T ®r]s ® D) 

= (Ai ® fin) o {T ® X 3 ® D) o {X 2 ® S ® D) o {tjd ®T ® r]s ® D) 

= '^s®T®D o ivs ®T ® D) 
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where the first equality is a consequence of (1451) and 

(/is @ D) o (S @ A3) o (Vs@D @ S) = {fis @ D) o {S @ A3), 

the second one of (l45ll and the last one of (l53ll . 

Therefore, 

vt@d = s@T@D o @T © D) o [S © \i @ D) o [vt © vd) 

is a preunit for ^s@t@d ^'iid we have that 

vt@d = (Ai ©D) o (T © A3) o (A2 © S) o (rjD © r]T © r]s)- 

Example 2.3. In this example we will show that the iteration process proposed recently by Dau§ and 
Panaite in El for Brzezihski’s crossed products, is a particular case of the weak iterated products 
defined in this paper. First we recall from |Hj the construction of Brzezihski’s crossed product in a strict 
monoidal category: Let (Al, r}A, (J-a) be a monoid and V an object equipped with a distinguished morphism 
rjv '■ K ^ V. Then the object A©V is a monoid with unit r]A © Vv ^-nd whose product has the property 
o (^A © rjv © A © V) = ^A ©V, if and only if there exists two morphisms ipy : V © A ^ A©V ^ 
ay : V © V ^ A © V satisfying (IT|), the twisted condition (|3]), the cocycle condition ([5]) and 


il’y 0 (rjy © A) = A © riy, 

(55) 

ipyo{V© ha) = riA©V, 

(56) 

ay 0 (rjy © V) = ay 0 (V © rjy) =r]A©V. 

(57) 


If this is the case, the product oi A © V is the one defined in ED- Note that Brzezihski’s crossed 
products are examples of weak crossed products where the associated idempotent is the identity, that is, 
Va®!/ = idA®v- Also, in this case the preunit v = rjA © ijv is a unit. 

Given two Brzezihski’s crossed products for A©V and A©W, in m a new crossed product is defined 
va A ©V ©W if there exists a morphism : W ©V V ©W satisfying the condition (i) of Definition 


11.71 and 

(A © T^) o (g) F) o (IF (g) ay) = (ay (g) IF) o (F g) t^) o (t^ © F), (58) 

(i/’y © W) o (F © a^) o (r^ g) IF) o (IF g> t^) = (A © t^) o (a^ © F), (59) 

Tw ° {vw © V) = V © r]w, (60) 

o(W © rjv) = rjv ©W. (61) 


In this case, = (V’v g> IF) o (F g) ip^), ay^yy is defined as in (El) and rjv^w = rjv ©Vw- 

Under these conditions, the equality (ii) of Definition 11.71 holds because: 

(fiA g) F g> IF) o (A© ay © IF) o (^y © T^) o (F g> a^ ©V)o (r^ ©W ©V) 

= (((^.A©V) o (A© ay) o (ij)^ ©V) o (V ©il)y))©W)o(V ©V ©a^)o(V ©t'(^©W)o(t^©t^) 
= {{(ha ©V) o (A© -ipy) o (ay g) A)) g) IF) o (F g) F g) a^) o (V © © W) o (t^ © r^) 

= (ha giFg)lF)o(Ag>'!/:^g)lF)o(Ag)Fg> a^) o {A©t^ © IF) o (ijj^ g) F gi IF) o (F gi cry gi IF) 
0 {W©V©T^) 

where the first equality follows by ( 1591 ) . the second one by (jT]) for the quadruple Ay = (A, F, i/’y, cry) 
and the last one by ([ 55 )) . 

Therefore is a twisting morphism and if we consider the link morphism = idy^w^ we obtain 

that the iterated crossed product proposed in m is a particular instance of the iterated weak crossed 
product introduced in Theorem 11.81 Moreover, in this setting, if the equality (ii) of Definition 1 1. 71 holds, 
composing with W ©V © Tjw g) F in both sides we obtain ( 1551 ) . and composing with W © rjy ©W ©V 
we obtain (I59|) . 


15 


3. A DIFFERENT CHARACTERIZATION OF THE ITERATED WEAK CROSSED PRODUCT 

In this section we obtain a new characterization of the iteration process following Theorem 1.4 of m- 
This theorem asserts the following: 

Theorem 3.1. Let T and B be a monoids in C. Then the following are equivalent: 

(i) There exist a weak crossed product {B®W, fJ-B<^w) with preunit v and an isomorphism of monoids 
uj : B xW ^ T. 

(ii) There exist an algebra B, an object W, morphisms 

is '■ B ^ T, iw ■ W ^ T, V b^w '■ B ®W B W, uj : B x W —>■ T 

such that is is a monoid morphism, V b<^w I’S an idempotent morphism of left B-modules for the 
action <pb 0 W = Lb ® W, and uj is an isomorphism such that 

W O PB0W = Lt ° ® iw) 

where B xW is the image of^B^w and pb(s>w is the associated projection. 

Theorem 3.2. Let Ky = {A,V,'ify,<7y), K\y = be two quadruples satisfying ^ and 

with a link morphism '■ V (S) W V ^ W and with a twisting morphism : W V 0 W 

between them. Let {A0V, la®v) o,nd {A0W, la®w) be the weak crossed products associated to Ay and 
Ay/ and suppose that yy : K ^ A0V and vw '■ K ^ A0W are preunits for la^v o,nd la®w- Assume 
that the morphism cry,giy/, defined in i26\) . satisfies 1^71) . i28\) . 1129\} and assume also that the equalities 
iS(A) and iSl\} hold. 

(i) Let iAxV '■ A X V ^ A X {V 0 W) be the morphism defined by 

i-AxY = PA^v<»w o (la 0 0 W) o (A (8> ijy 0 W) o {iA<^v ® vw), 

where A x {V 0 W) is the image of the idempotent morphism ^a®v®w introduced in Definition 
o and PA®v®w Us associated projection. 

If the equality 

A<X)V®w ° {{{pA 0 y) o (A (g) ipy) o {ay (g) A)) (8> IT) O (1/ (g) v (g) yy/) (62) 

= Am®w o {{{la ® T) o (A g) cry)) g IT) o {f)^ 0 Ty)) o{V 0VW ® V), 
holds, iAxV is a monoid morphism. 

(ii) If Ax V, pAxV o,nd iAxV o-fe the image, the projection and the injection associated a a^v, the 
morphism {AxV)®w : (A x T) g IT ^ (A x T) g IT defined by 

V(AxV')®W = {PA^V g W) O VA^V^W O {iA^V ® W), 

is idempotent. Moreover, if the following identity holds 

Va®U(8)W/ o (cry g IT) = {{{la g T) o (A g ipy)) g IT) o {ay 0 tjj^) o{V 0 Ay^y/ g pa), (63) 

'^{AxV)^w is a morphism of left A x V-modules for P{axV)®w = LAxV g W- 
(hi) The morphism u: : {A x V) x W ^ A x {V 0 W) defined by 

OJ = PA<S,V<g)W ° {iA®V g W) ° i(AxV)®W, 

where i(AxV)®w is the injection associated to 'S/(^axV)®W! is olb. isomorphism. Moreover, if the 
equality 

o {^v g IT) o (T g cr(^) = {ify g IT) O (T g cr(^) o {Ay,g,w 0 IT) (64) 

holds, then 

w ° P(AxV)®W = LAx{V®W) ° {iAxV g iw) 


for 


iw = PA®v®w o {yv g IT). 

Therefore, if Ii62^) . / h?,7l) and Hdjl) hold, A x (T g IT) and (A x T) x IT are isomorphic as monoids. 
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Proof. The proof for (i) is the following: 


MAx(y®lV) O (iAxV ® lAxv) 

= PA<S,V(g,W O {fiA V W) o {^A <S) CTy^w) o (A (g) V’yigiW <S)V (S)W) 

o{{{fiA<SiV<SiW)o{A®tl;y(SiW)o{iA 0 v<^i^w))'^{{pA'SiV 0 W)o{A(^tl;y(^W)o{iA^v®’^w))) 

= PAmi»woiPA<^V<^W)o{fiA<^{{pA'SiV<^W)o{A^'iljy(^W)o{ay<S>(7^)))o{pA'Si'f’y<SiViSiW^W) 
o{A(^'lljy0{{A(^T^)o{'tp^(^V)o{W 01py))<SiW)olA(^V <^'llj^lSiV0A(^W)o{{{fJ,A0Ay^w) 
o(A (g) i/'v ® W^) o (*A(8)y ® i^w)) ® iA^w ® vw) 

= PA(»v®w o {pa ®V ®W) o {A® pa®V ®W) o {A® A^ify ®W) 

o{pA ® {{pA <g V^) o (A (g ay) O ftp^ (g> F) O (t^ (g) 'tp^)) (g) a^) o(A<g>A 0 V<g>V<g> ip^ (g W) 

o{flA A^V Vyr) O (A (g A g ({ipy g IT) O (f/ g Xp^) O {Ayi^w ® ^)) g V) 

o(((A g g IT) O {iA^v g Vw)) g iAm) 

= PA<S)V^w o (pa g T g IT) o (A g /XA g T g IT) o (A g A g i/jy g IT) 

o(^A g {{pA g T) O (A g -ipy) o (ay g V)) g (Ti^) o(AgAgTgTg ip^ g IT) 
o(^A g ^ g T g g vw) o (A g A g (VAm^w ° (V"!/ g IT) o (T g i/'w)) g T) 
o(((A ® 1 p^®W)o (iA 0 V g J^w)) g lA^) 

= PA<S)V^w o (pa g T g IT) o (A g /XA g V g IT) o (A g A g x/;y g IT) 

(pA g CTy g ((ma g it) O g a^) O (x/;^ g IT) O (IT g JXiy))) O (A g /Xa g V g T^) 
o(A g A g (VA(8iy®w ° (V’y g Vh) O (T g x/:!^)) g T) o (({A g x/iy g IT) o (xA^y g ^vy)) g XA®y) 
= PA®y(8)iy o (/XAgTglT)o (Ag/XAgT gfT)o (Ag Agx/>yglT) o (/XAgdy g('i/;^o (ITgr/A))) 
o (A g A g T g ) o (A g (VA(8)y® ly o g V'y g IT) o (T g ((^A g hh) o (A g x/)^) o (y^y g A)) g T) 

°(*A®y g *A(8)y) 

= PA 0 V 0 W ° (pa g T g it) o (A g x/xy g it) o (A g T g (x/)^ o (IT g t/a))) 
o(^A g T g IT) o (A g CTy g IT) o (A g T g T^) o {Va^^w g 1^) 
o(pA gTglTgT)o(xlgx/>yglTgT)o (xA(giy g ((/3;yiv g T) o XA^y)) 

= PA®v®w o (pa g T g it) o (A g x/xy g it) o (A g T g (x/x^ o (IT g x/a))) 

o(^AgV'glT)o(/XAg((/iAgl^ghh)o(ylg(TyglT)o(x/xygr^)o(T gCTj^gT)o(r^gfTgT))) 
o(ylgyvy gl^ gfTgT) o {pA®V g IT g T) o (Agx/>y g Wg T) o (iA®y g ((^i/w g1^) o^Aigiy)) 
= PA(^v®w o (pA®V gfT) o (Ag ((/XA gT) o (Agx/xy)) glT) o {pa®A®V g (x/x^ o (IT ®pa))) 
(xlg((/XAg((x/’y gfT)o(T g gfT)))o(xlgx/x^ gTglT)o(yvy gcTy glT)o(T gr^))) 

o(^A gTglTgT)o(ylgx/>yglTgT)o (xA®y g {{Pvw ®V)o iAm)) 

= PA®v®w o(pA®V ®W)o (A® \p^®W)o (pA g T g (VA(8)iy o cTw)) 
o(A g {{pA g T^) O (A g x/>^ g T) o (y^y g ay)) g IT) o (xl g T g t^) 
o(pA gTglTgT)o(xlgx/>yglTgT)o (xA(8iy g {{/3i,w g o iA^v)) 

= PA<S)V(g>W o (^A g T g IT) o (A g x/xy g IT) O (pa g T g cr^) 

o(yl g ((pA g T,^) O (A g g T) o (yl g ay)) glT)o(AgAgTg r^) 
o(yl g x/x^ g IT g T) o (xA( 8 )y g ((/ 3 i/w g "i^) ° lA^y)) 

= PA®v«:W o (pa g T g it) o (pa g /xa g T g it) 

o(ylg Ag Ag ((/XAgTg IT) o(A®'ipy® W) o (AgT ®a^) o (ylgr,^ g IT) o (vw g V glT))) 
o(xl g /XA g CTy g IT) o (A g A g x/>y g T^) o (A g x/xy g yvy g T) o (xA®y g XA^y) 

= PA<S)V(g>w o (pa g T g it) o (pa ^ pa<SiV <SiW) 
o(xl g A g A g (ipy^w o (V^ g IT g pa))) 

o(yl g /XA g cTy g IT) o (yl g yl g x/>y g t^) o (A®\py ®vw ®V) o (iA(^v g lA^y) 

= PA<S,V(g,W o (^A g T g IT) 

(A g (VA(8iy(8ivy ° {pA g T g IT) o (A g cr^ g IT) o (tp^ g r^) o(V ®vw ® V))) 
o(pA g T g T) O (A g x/xy g T) O (xA(8iy g iA®v) 

= PA 0 V 0 W o (ma g T g IT) 

(yl g (\/A<S)V(g>w o (^A g T g IT) o (A g x/)^ g IT) o (ay g yvy))) 
o(^A g T g T) o (A g x/xy g T) o (xA®y g iA 0 v) 

= iAxV ° PAxV- 
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The first equality follows because ^ia^v®w is normalized for Va®v^w, the second one relies on ([T]) for 
Avi/ and Ay, and the third one follows by (i) of Definition 11.71 and the associativity of ^a- In the fourth 
one we applied (IMl) and (| 3 ]) for Ay. The fifth one follows by ([T]) for Ay and the associativity of the 
sixth one follows by the left linearity for Va^vs^w, ifTTI) for and ([T]) for Ay; the seventh one follows 
by (fini) for yvy, the left linearity for Va^v^w and the associativity of fiA- The eighth one relies on (IHTl) 
and the associativity of the ninth one is a consequence of (ii) of Definition 11.71 and the associativity 
of Ha, and the tenth one follows by m for Ay. In the eleventh one we used for i/w, for i/w 
and m for The twelfth one follows by ([T]) for Ay and the associativity of ha', the thirteenth one 
follows by m and the fourteenth one follows by the left linearity for Va0V0W- The fifteenth one is a 
consequence of (1621) and the last one follows by the associativity of ha, the left linearity for a®v®w 
and by (| 31 ) for Ay. 

Therefore, iaxV is multiplicative and, by (1221) . we have 

*Axy ° HAxv = PA(»v®w ° {p-A ® V 0 W) o (A 0 7/iy (g) W) o {{Va^v ° I'v) ® vw) 

= PA^VgiW O (ha ® D (g) W) o (A (g) -Ipy 0 W) o {vy (g) Vy/) = r]Ax{V^W)- 

(ii) The morphism ^{axV)®'W = {PA®v ® hT) o Va®v®w o (iA®y <8i IT), is idempotent because 
(Axv)^w ° V(Axy)®iy 

= {PA®V (g) IT) O VA®y®vy o ((VA®y o {ha (g) T) o (A (g) ^y)) (g) IT) o (A (g) T (g) {ip^ o (IT (g> ha))) 
o(A (g) Av 0 w) o {iA 0 V ® IT) 

= (pA®y ® IT) o {ha ® T g) it) o (A (g) V’y (8 > it) o {ha g> T g {ip^ o (IT g ?7 a))) o (A g ((A g Ay^y/) 
°(V’y®iy o (T g IT g ha)))) o (iA®y g IT) 

= {pa®v g IT) o {ha g T g it) o (A g {{ha g T g IT) o (A g V'y g IT) o {ip^ g ip^) o (T g ip^ g A) 
o(T g IT g ?7 a g Ha))) o (A g Ay^w) ° (*^®y g IT) 

= V(Axy)®iy! 

where the first equality follows by definition, the second one follows by (| 31 ) , the third one relies on (P 5 )) , 
and the las one follows by ([T]) for Ay and A^y. 

On the other hand, 

V(Axy)®iy ° P(Axv)®w 

= {PAm g IT) o VA®y®iy o ((VA®y o {ha g T) o {ha g cry) o (Ag'i/'y g T) o (iA®y g lAm)) ® hT) 
= (pA®ygIT)o(pAgTgIT)o(pAg(VA®y®iyo(CTygIT)))o(((Ag-^y gT)o(iA®ygiA®y))gIT) 
= {PA®v g IT) o {ha g T g it) o {ha g {{ha g T g it) o (A g -0^ g it) o (cr^ g {ip^ o (IT g ha))) 
o{V g Ay^w))) o (((A g V’y g T) O (iA®y g *A®y)) g IT) 

= (PA®y g IT) o {ha g T g IT) o {ha g {{ha g T) o (A g ay) o {ip^ g T) o (T g ipy)) g IT) 
o(A ^tpy 0 V 0 {tp^ o (IT g ha))) o (A g T g a g Av 0 w) o {iA®v g iA®v g IT) 

= ‘P{Axv)®w o (A X T g V(Axy)®iy) 

where the first equality follows by definition, the second one follows by the left linearity of VA®y and 
m, the third one relies on (IS 51 ) and the fifth one is a consequence of ([ 3 ]), ([T]) for Ay and the associativity 
of HA- 

Finally, we will prove (iii). The morphism ui = pa®v®w ° {iA®v g IT) o i(Axy)®iy is an isomorphism 
with inverse 

= P(Axv)®w ° {pa®v g IT) o iA®v®w 

because 

w ^ ouj = P(AxV)®w ° V(Axy)®vy ° i(AxV)®w = 'id{AxV)®w 
and, by ([3]), (l24ll and the left linearity of VA®y®w, we have 
W o UJ~^ 

= PA®v®wo{{VA®vo{HA0V)o{A0'piy))0W)o{A0V0ip^)o{A0Av®w®HA)o{VA®v®W) 
oiA®v®w 

= PA®V®W o {{{pA g T) O (A g V’y)) g IT) O (A g T g p)^) O (A g Ayg,iy g ha) o {^a®v g IT) 
oiA®V®W 
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= PA<sv^w°{.^^A®V®W)o{A®V Am<sw)°{A®il}y®W)o{A®V®{{ij^^o{W®'qA))))oiy 

oi-A^V^W 

= PA®v®wo{pA®V®W)o{A®tl}^®W)o{A®V®{{'il}w°i^ ®'nA))))o{y A®v®W)oiA®v®w 

= PA0V0W ° (pa ® V (g) VF) o (A 0 V'v ® o ® ^ ® iii’w ° (W^ ® Va)))) o iA0V0W 
= PA0V0WoipA^V'S>W)o{A^\7 A(s,V(»w)°iA^'ipv'^W)o{A^V'^{{i^^o{W'S)r]A))))oiA0V0W 
= PA(^v®w o {pA ®V®W)o{A®ip^®W)o{A®V® ((V'^ o (VF (g ??a)))) o <g ^v®w) o *A®y®w 
= idAy.(V®W)- 

Moreover, if (l64l) holds, we have the following: 

PAx{V<S>W) ° (iAxV ® iw) 

= PA®V®W o [PA ®V ®W)o {pA ®i>v®W)o{A®A®V® cr^) 

o{pA g {{pA V ^ W) O {A ^ ay W) O {ip^ (g T^) o (V (g) g tg) o (Ay^iv g J^y)) g W) 
o(A ® ipy ® W) o {iA®v g vw g hh) 

= PA®V<8W o (A^y4 g fg g W^) O (A g /iA g 1^ g w^) O g ^ g V'y g o {PA g V'y g ^-ly) 
o(ylgAglgg(V'^o(M^g?7^))gW^)o(AgAgAy,g,n/gVh)o(Ag^ygVhgH^)o(i^,giygyvvgW^) 

= PAmi^w°iPA<^V<^W)o{A^'iljy<S)W)o{pA<S>ViSi{{pA<S>W)o{A(S:a^)o{{'ijj^o{W0riA))<S>W) 

o(A g A g Av(^w g W) o (A g V'y g hh g hh) o (iA(giy g vw g hh) 

= PA(^v®w°{pA®V®W)o{A®iiy®W)o{pA®V®{{pA®W)o{A®a^)o{V A®w°{pA®W)))) 
o(yl g A g Ayigivy g W) o [A® ipy ® W) o {iA®v g y^y g W) 

= PA 0 V(SiW ° {PA g fg g Vh) o {pA g ((V'y ®w) O (y ® a^) O (Aygjiy g W^))) O (A g g g W^) 
°(*A®y g vw g W^) 

= PA^V0W o (pa g F g Vh) O g {Va0V0W O (V’y g W^) O (F g CT^))) O (A g 'i/'y g g W^) 
°(*A®y g yiy g W) 

= PA^V 0 W o (pa g F g Vh) o (A g V'y g W^) o (iA®y g ((ma g W^) o (A g a^) o (yy/ g Vh))) 

= PAm®w o (^A g V g Vh) O (A g (VA®y®iy o g W^) o (V^ g (V'iy o g »7^))))) o (iA®y g W) 
= PA0V(g>W ° yA(»V g W) O VA®V^W O (»A®y g W) 

= W o P(AxV)<g)W, 

where the first equality follows because pA<sv<s>w is normalized for VA^y^iy and by the associativity 
of PA, the second one follows by (|5T|) and by the associativity of pA, the third one relies on ([T]) for Ay 
and the fourth one is a consequence of the properties of Va 0 W- The fifth one follows by (jH]) and by the 
associativity of pA, the sixth one follows by (|M1) . and in the seventh one we used the left linearity of 
VA0y and ([T]) for Ay. In the eighth one we applied the left linearity of Va 0 V and (IT51) for i/w- The 
ninth one follows by (l24l) and by ([3]), and the last one follows by definition. 

The final assertion of this theorem follows by Theorem 13.11 

□ 


Example 3.3. In this example we will see that the equalities (IS^ . (1551) and (IMl) hold in the examples 
dm, (m and (12.31) of the previous section. 

For the Example dm tliG idcntitiGS (|62p , (|63p ciiid (j64p liold bccSiUSG 

V't = Ai, a^ = pt@ vs, tt = ^2, I'D = VS® vd, 

and 

At@d = ’idrtsjD, ^s®T®D = ids®T®D- 
In the case of the Example (12.211 we have that 

V't = ^1) cr| = Ai o {pT @ Vs), tt = h, Vd = '^s@d o {vs @ Vd), 
and At®d = Vt®d- Therefore, by the usual arguments, we obtain that (I62L (l63l) and (l64l) hold because 
Vs@T®r> o (ps @T @ D) o (S @ a^ @ D) o {tpg @ r^) o {T @vd ®T) 

= (Ai @ D)o {T @ A 3 ) o {{Vt@d o (pt @ vd)) @ vs) 

= Vs®T®r> o {ps @T @ D) o (S ©tpx® D) o (cr| @ y^,), 
s®T®D o (cx @ D) = {S @ Pt @ D) o (Ai ® A2) o (T ® A3 ® T) o (px @ D @ (Ai o {rjx @ Vs))) 
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= {fj-s @ T @ D) o {S @ @ D) o (cr| @ ipf^) 0{T@ At@d ® Vs), 

and 

(V’t ® o iT@crf)) o {At(S)D@ D) = {S@fj-T@D)o (Ai ® A 2 ) o (T@ A 3 ® T) o (T®/x_d ® (Ai o {rjT@Vs))) 

= '^S®T®D o i'ipT @D)o{T@ a%). 

Finally, in Example (|2.3II we have that 

vw = VA® vw, Av®w = idv®w, = idA®v®w, 

and then (l62ll , (l63ll and (l64ll follow easily. 
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